Abstract. Let G be a semigroup and a topological space. Let X be an Abelian topological group. The right differences h ϕ of a function ϕ : G → X are defined by h ϕ(t) = ϕ(th) − ϕ(t) for h, t ∈ G. Let h ϕ be continuous at the identity e of G for all h in a neighbourhood U of e. We give conditions on X or range ϕ under which ϕ is continuous for any topological space G. We also seek conditions on G under which we conclude that ϕ is continuous at e for arbitrary X. This led us to introduce new classes of semigroups containing all complete metric and locally countably compact quasitopological groups. In this paper we study these classes and explore their relation with Namioka spaces.
Introduction, notation and main definitions
Unless otherwise specified G will stand for a topological space (usually (semi) group) and X for an Abelian Hausdorff topological group with identity 0. If X is a locally convex space and p is one of its continuous seminorms, we set X o = {x ∈ X : p(x) = 0}. It follows that X p = X/X o is a normed space. We denote by j the natural homomorphism of X onto X/X o . Let C(G, G) be the space of continuous functions from G to G. We assume that ϕ : G → X satisfies the following property at the point t o of the open set U ⊂ G:
(i) for each t ∈ U there exists h ∈ C(G, G) such that h(t o ) = t, (ii) T h ϕ = ϕ • h − ϕ is continuous at t o . (tr-d)
If G is a semigroup and ϕ : G → X, then ∆ h ϕ(t) := ϕ(th) − ϕ(t) and ∆ h ϕ(t) := ϕ(ht) − ϕ(t) will denote respectively the right and the left difference by h; ρ h , λ h will stand for the mappings defined by ρ h (t) = th, λ h (t) = ht for all h, t ∈ G.
This paper is concerned with the following problems (P.1) Find conditions on X or range ϕ under which ϕ satisfying (tr-d) is continuous at t o for arbitrary space G.
(P.2) Find conditions on G under which ϕ satisfying (tr-d) is continuous at t o for each locally convex space X.
We give a necessary and sufficient condition to solve (P.1) and obtain new results for differences on semigroups. We investigate (P.2) in the case: G is a semigroup with identity e, X is a locally convex linear space and condition (tr-d) is replaced by for each h ∈ U , the right difference h ϕ is continuous at e.
(∆)
The study of (P.2) led us to introduce the following classes: Definition 1.1. Let G be a semigroup with identity e and a topology. Then (i) G is called of D-type if and only if there exists a sequence (V n ) of neighbourhoods of e such that for any sequence (t n ) with t n ∈ V n for n ∈ N, the sequence (τ m ) defined by τ m := t m t m−1 ....t 1 for m ∈ N, has a convergent subnet.
(D)
(ii) G is called of ∆-type [respectively weak ∆-type] if and only if for each neighbourhood U of e and each function ϕ : G → X with X a locally convex space, ϕ bounded on U and h ϕ continuous at e for all h ∈ U [ respectively all h ∈ G], ϕ is continuous at e. Similar concepts with game-theoretic interpretations have been introduced by Choquet [7, p . 106], Christensen [8] and Saint-Raymond [15] . We note that Namioka spaces (see [15] ) are weak Namioka spaces.
Finally, for the convenience of the reader, we recall the following definitions. Let G be a semigroup and a topological space (see [4, p. 26] 
(β) a semitopological semigroup if the maps ρ h and λ h are continuous for all h ∈ G; (γ) a topological semigroup if the multiplication (s, t) → st from G × G to G is continuous.
(δ) a semitopological (quasitopological) group if G is a group and a semitopological (topological) semigroup. Let G be a semitopological group, X be a Hausdorff Abelian group and ϕ : G → X. Then ϕ is right (left) uniformly continuous if for each neighbourhood W of 0 of X there exists a neighbourhood V of e such that ∆ v ϕ(t) ∈ W (∆ v ϕ(t) ∈ W ) for all v ∈ V and t ∈ G. ϕ is uniformly continuous if it is left and right uniformly continuous. If G is a totally bounded quasitopological group, then ϕ is right uniformly continuous if and only if it is left uniformly continuous. This paper consists of five sections. In section 2 we show that the conditions given in [2] in the case (∆) are also necessary and sufficient to solve (P.1) for any topological space G and ϕ with (tr-d). We also extend and improve recent results in [16] . In section 3, we prove that D-type quasitopological regular groups are σ-complete Baire spaces (Theorem 3.2) and a weak Namioka semitopological group is of weak ∆-type (Proposition 3.4). The main result of section 4 states: D-type quasitopological regular groups are of ∆-type. In section 5, we refine and extend several results on uniformly continuous differences [3, 9, 10, 11] .
Differences on topological spaces
In this section we study continuity of functions defined on a topological space G with values in an Abelian Hausdorff topological group X. We assume that ϕ : G → X satisfies property (tr-d) (see the introduction) at the point t o of the open subset U ⊂ G. Special G satisfying (tr-d) (i) are semitopological groups or homogeneous topological spaces.
If X is a linear topological space, we write c o ⊂ X if and only if X does not contain a subspace isomorphic to c o (the Banach space of real valued sequences convergent to 0). We call the subset ϕ(U ) of X relatively weakly sequentially complete if and only if every weak Cauchy sequence from it converges weakly to an element from X. The spaces X = C n for some n ∈ N and X weakly sequentially complete Banach spaces satisfy c o ⊂ X. 
where F is the set of all finite subsets i = {n 1 , n 2 , ..., n m } of N such that n 1 < n 2 < ... < n m , satisfying the following : ||ϕ(t n )|| ≥ o and t n ∈ U for all n ∈ N; (2.1) 
(
ii) G is a totally bounded quasitopological group and ∆ h ϕ is uniformly continuous for all h ∈ G, ϕ is uniformly continuous on G.
Proof. Since G is a right semitopological semigroup with identity e, ρ h ∈ C(G, G) and ρ h (e) = h for all h ∈ G. We have ϕ • ρ h − ϕ = ∆ h ϕ is continuous at e for all h ∈ U . By Theorem 2.1, ϕ is continuous at e. Using the additional condition (i), and the continuity of ∆ h ϕ at e, ϕ is continuous at each point h ∈ U [respectively h ∈ G]. If G is a group, the proof is obvious.
(ii) By (i), ϕ is continuous on G. Let E be a neighbourhood of 0 ∈ X. Choose such a neighbourhood E 1 of 0 that
shows that ∆ v ϕ(t) ∈ E for all v ∈ V 2 and t ∈ G, proving that ϕ is left uniformly continuous. Hence it is right uniformly continuous, by a statement above. (i) ϕ is bounded and 
continuous on Γ and has a unique continuous extension Ψ ∈ C(G, X).
Moreover, Ψ(t) − ϕ(t) = Ψ(th) − ϕ(th) almost everywhere on G for each fixed h ∈ Γ. Since Γ is dense in G and ϕ is bounded and weakly Haar measurable, we conclude
Since the dual of X has a countable separating set M , Ψ(t) = ϕ(t) + a with a ∈ X almost everywhere. This proves that ϕ is continuous.
Special X where Corollary 2.3 can be applied are the spaces of test functions or Schwartz distributions; X separable Fréchet space ; X Fréchet space and ϕ is strongly measurable (meaning j • ϕ is Bochner measurable for each j corresponding to a countable number of seminorms determining the topology of X).
Example 2.4. (i) Consider the compact multiplicative group
shows that under the assumptions of Corollary 2.3 (i), ϕ itself is not necessarily continuous and the continuous extension of ϕ| Γ is almost everywhere equal to ϕ − 1.
(ii) Let X = l 2 (T ), the Hilbert space of all square summable real valued functions defined on the compact group T . Denote by χ t the characteristic function of the point set {t} of T . Define ψ : G → l 2 (T ) by ψ(t) = χ t . Obviously, x * • ψ is a bounded measurable almost everywhere zero function for each x * ∈ (l 2 (T )) * , but ψ = 0 almost everywhere. This demonstrates that for our proof the condition of Corollary 2.3 (ii) that the dual of X has a countable separating subset is necessary.
(iii) There exists a non-measurable function (see [13, p. 87 
We have ∆ r χ(x) = 0 for all r ∈ Q and x ∈ R. This means that measurability is necessary in Corollary 2.3 (ii).
We note that Theorem 2.1 extends [2, Theorem 2.1] to a more general setting. 
Properties of D-type groups
In this section we study D-type groups and give the relationship between weak Namioka groups and those of weak ∆-type. 
is an open neighbourhood of e and V n+1 V n+1 ⊂ V n for n ∈ N. 
Since for closed sets A, B with empty interior also A ∪ B has empty interior, one can assume F n ⊂ F n+1 . Since for M open respectively closed subset of G also tM and Mt are open respectively closed subsets, one can further assume e ∈ U . By Proposition 3.1 and regularity of G, we can choose (V n ) satisfying (3.1) and
.., W n exist, since by the above M n is closed with empty interior and G is a regular topological semigroup. If (ii) Let (V n ) be a sequence of open sets with (D). Let (a n ) be a Cauchy sequence of G, that is a n a −1 m → e as n, m → ∞. One chooses inductively n k < n k+1 such that a n a −1 m ∈ V k for n, m ≥ n k . Indeed, choose n 1 ∈ N such that a n a −1 m ∈ V 1 for n, m ≥ n 1 . Choose n 2 such that a n a −1 m ∈ V 2 for n, m ≥ n 2 > n 1 . We can proceed by induction. If t k = a n k+1 a
. It follows by Proposition 3.1 (i), the sequence (a n k ) has a convergent subnet. Hence (a n ) is convergent for (a n ) is Cauchy.
Corollary 3.3. Let G be a quasitopological group satisfying the first axiom of countability. Then G is of D-type if and only if it is complete.
Proof. For sufficiency, choose a basis system of neighbourhoods (V n ) of e satisfying (3.2). Let (t k ) ⊂ G, t k ∈ V n k and n k < n k+1 . Let τ m = t m t m−1 ...t 1 . Then (τ m ) is a Cauchy sequence from G and therefore it is convergent, for G is complete. Hence (V n ) satisfies (D), by Proposition 3.1 (i). Necessity follows from Theorem 3.2.
Proposition 3.4. If G is a weak Namioka semitopological group then G is of weak ∆-type.
Proof. First, assume that X is a real normed space. Let Y = B * with B * the unit ball of the dual Banach space X * of X. Let Φ :
If ϕ is as assumed in the definition of weak ∆-type, then by Corollary 2.2 (i) x * •ϕ is continuous on G. Since x * •ϕ(t) is continuous for each fixed t ∈ G, it follows that Φ(t, x * ) is separately continuous on G × B * . As G is a weak Namioka space, Φ is continuous on {a} × B * with a ∈ G. Using the compactness of B * , ϕ is continuous at a. By the identity ϕ(th) = ∆ h ϕ(t)−∆ a ϕ(t)+ϕ(ta), a, h, t ∈ G, ϕ is continuous on G. Now, let X be locally convex space. Let p be a seminorm of X. The above argument can be applied to j • ϕ. This proves that ϕ is continuous on G and implies that G is of weak ∆-type.
The class of Namioka spaces contains all separable Baire spaces [6] , [15] and all strongly countably complete regular spaces (see [8] , [14] ). The latter spaces are contained in the class of σ-well α-favorable spaces defined in [8] . This implies that semitopological groups of weak ∆-type include all Namioka semitopological groups; in particular all separable Baire semitopological groups, all strongly countably complete regular semitopological groups, all σ-well α-favorable and all σ − β defavorable semitopological groups (see [15] ). Example 3.5. (i) Let J be a linear rational basis of R (see [13, Satz 3] ) and ξ ∈ J. Let G be the subgroup of R consisting of all rational linear combinations with elements from J \ {ξ}. Then G is a metric topological group, it is Baire separable and thus a Namioka space, thus of a weak ∆-type. Since G is not sequentially complete it is not of D-type, by Theorem 3.2 (ii).
(ii) Denote by R s the additive group of reals endowed with the topology generated by the basis neighbourhood system {[0, x[: x > 0} of 0. Then R s is a normal quasitopological group which is not a topological group. It is of weak ∆-type but not of D-type. Problem 1. Is every semitopological group of weak ∆-type a weak Namioka space? Problem 2. Does the class of semitopological groups of weak ∆-type properly contain ∆-type semitopological groups?
Differences on D-type topological groups
In this section, we study the relation between groups of D-type and those of ∆-type. Also, we discuss differences on weak Namioka semitopological groups and underline some possible extensions to the case where X is a separable linear metric space with separating dual space and the case where G is an Abelian group endowed with two topologies. Since G is a regular quasitopological group, by Proposition 3.1 (i), (iii) we can select V 0 and (V n ) all open neighbourhoods of e satisfying (3.1) and V n V n ⊂ V n−1 ⊂ U . We also can assume that X is a Banach space and that ϕ(e) = 0. Assuming that ϕ is not continuous at e there exists o > 0 and a sequence {t n } satisfying ||ϕ(t n )|| ≥ o and t n ∈ V n for all n ∈ N; (4.2)
Indeed, by our assumptions we can find o > 0 and
Clearly, (4.2)-(4.4) are satisfied. By Proposition 3.1 (i), for any subsequence π = (t nm ) with n k < n k+1 the sequence (τ m ) defined by τ m = t nm t nm−1 ....t n1 has a subnet, say (τ ) i∈Λ which converges to τ π ∈ G. It follows from the choice of (V n ) that τ ∈ U. Set s m = m k=1 ϕ(t n k ) and s m = ϕ(t nm t nm−1 ....t n1 ). Using (4.1), we get (s) i∈Λ weakly converges to ϕ(τ π ). (4.5)
, and (4.4), we conclude that (σ m ) is a Cauchy sequence. Denote its limit by y π . Arguing as in the proof of (2.5), we get (s m ) and (s) m are weakly sequentially Cauchy. From (4.5), we conclude 
Uniformly continuous differences
Let G be a semitopological group and X a Hausdorff topological Abelian group. Denote by C ru (G, X) the space of all right uniformly continuous functions (see section 1) endowed with the topology of uniform convergence on G. If X is locally convex, C rub (G, X) will stand for the subspace of bounded functions of C ru (G, X).
In this section ϕ : G → X will denote a function satisfying the following:
where U is some neighbourhood of e. (
, and the proof of (i).
( 
The assumptions of uniform boundedness of the ∆ h ϕ in Theorem 5.2 can be weakened as follows Proof. By left translation one can assume ϕ is bounded on some neighbourhood of e. As in the proof of Theorem 4.1, one can assume X is normed. If ∆ h ϕ is bounded for h ∈ V , it is for h ∈ U := V V −1 , a neighbourhood of e. By Theorem 4.1, ϕ is continuous at e, then on G. If M n := {u ∈ U : ||∆ u ϕ(s)|| ≤ n, for all s ∈ G}, then M n are closed in U and U = ∞ n=1 M n . By Theorem 3.2 (i), some M n contains a nonempty open P ; then ||∆ u ϕ(s)|| ≤ 2n for all s ∈ G, u ∈ P P −1 , = neighbourhood of e and Theorem 5.2 can be applied.
Remark 5.6. (i) None of the conditions of Theorem 5.2 can be omitted. All the differences of the function ϕ : R → c o ; ϕ(t) = (sin(t/n)) are almost periodic. This means that ∆ h ϕ is bounded and uniformly continuous on R for h ∈ R endowed with the Bohr topology, but ϕ is not continuous at any point of R with the Bohr topology (see [1, p. 54] ). This also gives an example of a totally bounded topological group which is not of D-type or of ∆-type.
(ii) For continuous ϕ and complete metric G, Corollary 5.5 is also true if ∆ h ϕ ∈ C ru (G, X) for h ∈ P where P is second category in G and V is also only of second category. (vi) The assumption ψ|U bounded in C ru (G, X) is not necessary, similarly for the weaker assumption in Corollary 5.5. We give the following example.
Let G = Z N , the topological product of countable many copies of the integers Z with their discrete topologies. Let X = R N with the topology of pointwise convergence. If ϕ((z) n ) := (z 2 n ) n∈N , then ϕ is uniformly continuous, but no ∆ h ϕ, h = e is bounded. So, ∆ h ϕ only belong to C ru (G, X) but do not belong to C rub (G, X). So condition (5.1) is more applicable as it stands.
The function ϕ(t) = t 2 , G = X = R shows that the uniform continuity of ∆ h ϕ for all h ∈ R alone is not enough for uniform continuity of ϕ.
(vii) The boundedness of ϕ in Theorem 5. 
